Abstract Planetary motion mechanics with noncolinear particle forces is a well defined science. The problem considered here is that of an electron constrained by an electrostatic central force in a uniform magnetic field. The problem is of interest because it is the classical limit of the hydrogen atom in a magnetic field, and because there are not enough constants of motion to solve the problem exactly. Discussed in this paper, from a pedagogical viewpoint, are the derivation and use of the constants of motion to predict the orbit of such an electron. A numerical example illustrating the concepts is worked out for the cylindrical magnetron (for which analytical solutions exist).
Introduction
The trajectory of an electron moving in a uniform magnetic field constrained by a central force has been approached in a number of ways. It is well known from various mechanics texts (Barger and Olsson 1972, Symon 1971 ) that magnetic forces can be integrated into either the lagrangian or hamiltonian formulations. Within this context, researchers in charged particle optics and instrumentation are concerned with the motion of charged particles in electromagnetic fields (Karras and Pessa 1968 , Aksela et al 1970 , Collins 1948 , Hayward 19.53, Hafner et al 19.58, Sar-El 19.57). Purcell (1938 extensively examines the orbital motion of an electron in a spherical condenser with no B field.
The atomic aspects of the problem are the subject of considerable activity at present (Wiemann and Hansch 1980 , Amin et al 1981 , Gallas et al 1983 . Edmonds (Martin 1973) methods, but this work remains to be done. Before examining the spherical condenser, a few comments as to the motivation for the problem are in order. First, the problem is the classical limit of the hydrogen atom in a magnetic field; as will be shown explicitly, there are not enough constants of motion to solve the problem exactly. Within the field of instrumentation, the device shown in figure 1 is used to analyse the energies of emitted electrons as a function of the repelling voltage (the voltage polarity would be reversed from that shown in the figure for this application). An increase in the angle between the magnetic field and the ejection velocity leads to a decreased energy resolution sensitivity Pessa 1968, Aksela et al 1970) .
The defining equations for the spherical condenser shown in figure 1 are now considered with the intent of addressing the question, 'Are there any general guidelines by which one might determine the constants of motion in such a problem?'
The defining equations
The electric potential within the annulus has the radial dependence 
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The Lorentz force equation for a particle of mass m and charge q in the force field described is
The overbar notation will not be written explicitly for the remainder of this paper.
Analytical development
The solution of equation (3) without the final term is well known from planetary orbital theory. Seven constants of motion are needed for complete solution. The first constant obtainable with the least effort is the energy, kinetic plus potential. In normalised form. it follows that C ' -2
Because of the magnetic field, angular momentum is not a constant of the motion. A second constant of motion suggested by symmetry in the problem as discussed below is Confirmation that C2 is indeed a constant of motion is achieved by differentiating equation ( 3 , Substitution of d2r/dt2 from equation (3) into equation (6) shows that the right-hand side of equation (6) is zero.
At this point, we can begin to address the principal question being asked. The constants of motion are related intimately to the symmetries of the problem being considered. Perhaps the easiest means of systematically finding them is by using ignorable coordinates. The constant C2 is actually proportional to the axial component of angular momentum, Pm = &/a+. From another perspective, one might view the first terms as the component of linear momentum colinear with the vector potential A = B x r . Combining these two observations, we might say that this second constant of motion is in part the angular momentum corresponding to the ignorable angle of azimuth around the magnetic field direction. The rule of thumb is to examine the problem symmetries and use ignorable coordinates.
Although equations (4) and (6) constitute two exact constants of motion, no additional constants are easily found. The difficulty lies in the fact that no obvious manipulations of equation (3) yield an integrable result. At this point, it is best to focus attention on two limiting cases, electric field dominance and magnetic field dominance.
Before pursuing these two cases, it should be emphasised that the intermediate region where neither field dominates is a difficult problem. Because we are working with a nonlinear system with two degrees of freedom, the chaotic unstable motion which will most assuredly result must be approached stochastically. Henol Heiles obtains a surface of section plot of all orbits in such a regime which results in a survey of orbits indicating when orbital-type motion ends (Heiles 1964 ). The reader is also referred to a recent text by Lichtenberg and Lieberman (1983) for a review of useful approaches in this regime.
l . Electric field dominance
This case is particularly useful pedagogically because it illustrates the logical development applicable in planetary motion. In this limit, the force (3) becomes Crossing both sides with r and integrating over time gives C 3 = L = r X -. dr dt
Use is now made of this vector constant of motion to get the final vector constant. First, observe that the velocity vector can be broken into tangential and transverse components with respect to r, vector constant of motion Within this regime, C,, C,, and C, predict the orbital motion which then must be modified to insure that C2 is constant.
Magnetic field dominance
In this regime, the equation of motion becomes d2r dr dt' dt -=-XB.
As in the previous domain, we obtain the first vector constant of motion by crossing both sides of equation (12) by r and integrating
The portion of velocity which is a function of time will always be transverse to B (superimposed on this velocity may be a uniform colinear velocity). For the nonconstant temporal component of velocity, there results a vector constant of motion.
C 5 = r x -+ i B ( r -r ) . d r dt
The final constant of motion results from crossing equation (12) with (dridt) X B and integrating to give
(where ci, is a unit vector along r), so that equation (7) crossed with L / a and integrated in time becomes
Thus the three components each of C5 and C6 along with C, constitute seven constants of motion in this regime. The new constant of motion for this system is We now use this fact to determine the electron trajectory much more effectively than one could a second-order numerical analysis.
Since the z-directed component of motion is unimportant in this problem, the equations of motion for the two normalised components of motion (Note for the whole of the section, the primes indicate time differentiation.) Multiplying equation (18) by r', equation (19) by re', and adding yields or, after integrating both sides over time and recognising the significance of the integrating constant (energy), (written unnormalised) Equation (21) 
normalised becomes
The normalised constant of motion yields the result
A solution is approached in the following manner. Suppose an electron is emitted from the inner electrode with velcoity V(). At any time t, the angular velocity is determined from equation (23) 8
Next r' is found from equation (22) 
Conclusion

